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J> ' Abstract 

: 

£T) , An analysis of the construction of a (/-deformed version of the 3-dimensional 

harmonic oscillator, which is based on the application of g-deformed algebras, is 
presented. The results together with their applicability to the shell model are cani- 
ty- . pared with the predictions of the modified harmonic oscillator. 

5 : 

cj ! 

+-> . 1 Introduction 

The assumption of an independent particle motion is the basis of shell model in finite 
nuclei. The average field is correctly described by the Woods-Saxon potential Vws( r )- 
>• . Since, however, the corresponding eigenvalue equation can be solved only numerically, it 
is desirable for many purposes to make use of the so called modified harmonic oscillator 
(MHO) Hamiltonian, which reproduces approximately the energy spectrum of the WS 
potential and at the same time has a simple analytical solution. The MHO was suggested 
by Nilsson JTJ and studied in detail in |,||. It has the form 



V MHO = hujp 2 -huk{n(L 2 -(L 2 ) N )+2L.S}, P = \j^r (1) 

where L 2 is the square of the angular momentum and L.S is the spin-orbit interaction. 

As it is well known, the subtraction of the average value of (L 2 ), taken over each 
N-sheW 

L>) = jV(7V + 3 > (2) 
In 2 

avoids the shell compression induced by the L 2 term, leaving the "center of gravity" of each 
A^-shell unchanged. The Vmho (without the spin-orbit term L.S) reproduces effectively 
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the Woods - Saxon radial potential. A better agreement with the experimental data can 
be achieved if the parameters of the potential are let to vary smoothly from shell to shell. 

It should be noted, however, that from mathematical point of view the introduction 
of L 2 -dependent term (and the corresponding correction (L 2 )at) in the modified harmonic 
oscillator potential is not so innocent, as it look at first sight, because this term depends 
on the state in which the particle occurs, and it this sense the potential (HD is "non-local" 
and "deformable" (with variable deformation). This effect is amplified by the fact, that 
the constant // = k\i varies from shell to shell. 

The inclusion of Independent term together with the corresponding correction (L 2 )^ 
and of the iV-dependence of // can be considered as a first step for the introduction of 
some non-trivial " deformations" into the Hamiltonian of the 3-dimensional harmonic 
oscillator. There is, however, an alternative approach to the description of the space 
extended and deformable many body systems based on the application of the g-deformed 
algebras. 

In nuclear physics, the su q (2) quantum algebra has been used with promising results 
for the description of rotational bands in the deformed and superdeformed nuclei |J - 
|15| . Symmetries based on quantum algebras have been adopted successfully for studying 
rotational [|T5|, [T7]], vibrational jTj], B5| and rotational - vibrational spectra [p0|-[|22[ of 



diatomic molecules. Quantum groups extensions of some simple nuclear models [23||-[29[| 
have also been shown to lead to interesting results. 

The aim of this paper is to construct a Hamiltonian of the g-deformed 3-dimensional 
harmonic oscillator in terms of the g-deformed boson operators |3(| |3l| . It will be shown 
that, in the q — > 1 limit, its eigenvalues q E coincide with the eigenvalues of the modified 
harmonic oscillator (MHO) without a spin-orbit term. More specifically, we represent q 
in the form q = e T and show that the expansion of q E in series of r yields a Hamiltonian 
having the same structure as the one given by ([J), with r playing the role of // = kfi. 
It may be worth to stress at this point, that the construction of the Hamiltonian q H^im 
is a non-trivial problem since, from a physical point of view, it is necessary to separate 
explicitly the g-deformed angular momentum term q ~L 2 . 

In Section 2 we introduce g-deformed so q (3) generators (g-analogs of the angular mo- 
mentum operators), which act in the space of the most symmetric representation of the 
algebra u q (3), which, as a matter of fact, is the space of the g-deformed 3-dimensional 
harmonic oscillator |32, [5^. 34 . 



In Section 3 we suggest an expression for the Hamiltonian of the g-deformed 3- 
dimensional harmonic oscillator, which is invariant with respect to the g-deformed angular 
momentum algebra. The vibrational and rotational degrees of freedom of this Hamilto- 
nian are clearly separated, which is in agreement with the classical situation and in the 
limit q — > 1 it coincides with the classical Hamiltonian (without the correction term @). 
In the case of small deformations of the algebra its spectrum reproduces very well the 
spectrum of the 3-dimensional MHO with the correction @. 

The next step (Section 4) is to introduce the g-deformed spin-orbit term £w • S^ 1 /^ 
and to show that in the case of a small deformations this term introduces small, but 
essential corrections to the standard spin-orbit term L • S. 
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2 so g (3)-algebra and so g (3)-basis states 



We shall use the three independent g-deformed boson operators bi and b\ 
which satisfy the commutation relations |30. |31| 



= 6} [N h k] 



.±1 



b\b 



i i 



,o,-), 

(3) 



where iV, are the corresponding number operators. 

The elements of the so 9 (3) algebra (i.e. the angular momentum operators) acting in 
the Fock space of the totally symmetric representations [N, 0, 0] of u q (3) have been derived 
by Van der Jeugt |32], [33], 0. A simplified form of the subalgebra so q (3) C u q (3), can be 
obtained by introducing the operators |36| 



B, 



^b n 



Bl = blq- l > N ° 



B 



w\ blqNlH 



\ [Ni] 



+ ■ 



(4) 



1 [Ni] 

where the g-numbers [x] are defined as 
[z] = {<f-q-*)/{q-q- 1 ) 

and we shall consider only real values for the deformation parameter q. These new oper- 
ators satisfy the usual commutation relations 



[N it B}] = Bl [Ni, Bi] = —Bi. 



(5) 



In the Fock space, spanned on the normalized eigenvectors of the excitation number 
operators N+, Nq, AL, they satisfy the relations 



E)t TD _ n -N + l 



b]b 9 



Q 



[No] 
2N ^[2N t ] 



B Bl = q-"°[N + l] 
BiBj = q m+1 [2Ni + 2] 



+, 



and hence, the commutation relations 



[Bo, Bl] 



q 



-2N 



[B l ,Bj] = [2]q 



+ • 



(6) 



(7) 



It was shown in |36| that the angular momentum operators defined in p2| , |33| , when are 
expressed in terms of the modified operators (01), take the simplified form 



q -Lo-± B i B+ + gio+i^t Bq 

and satisfy the standard so q (3) commutation relations 
[L ,L±] = ±L± [L+,LJ\ = [2L ] 



(9) 



As it has been discussed in detail in []32| the algebra is not a subalgebra of u q {3) 
considered as Hopf algebras, but as g-deformed enveloping algebras. However, in our 
context, working in the Fock space (constructed from three independent g-bosons), we 
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restrict ourselves to the symmetric representation of u q (3), where the embedding so q (3) C 
u q {3) is valid. 

The Casimir operator of so q (3) can be written in the form |37J 



= i{L + L_ + L_L + + [2][L ] 2 } 

= L-L + +[Lo][Lo + l] = L + L- + [Lo][Lo-l]. (10) 

One can also define g-deformed states \n£m) q satisfying the eigenvalue equations 

q \?\ntm) q = [£][£ + l]\n£m) q 
L \n£m) q = m\n£m) q 

N\n£m) q = n\nim) q (11) 

Here 9 L 2 d = is the "square" of the g-deformed angular momentum and N = iV + + 
Nq + AL is the total number operator for the g-deformed bosons. These states have the 
form 



\n£m) q = q \in-z)(n+i+i)-\m* 



[n -£}\\[£ + m}\[£ - m]\[2£ + 1] 



\ [n + £ + l}\\ 



(n-£)/2 [(e+m)/2\ /_^s t ^_( n+ ^ + i)f /jgf y + t /gf\ n +m-2p-2t rgf \p+t-m 

X 5 P J£o,H S - * - W [2p]!! [n + m-2p]\ [2p - 2m]!! |0) (12) 

where |0) is the vacum state, [n]\ = [n][n — 1] . . . [1], [n]!! = [n][n — 2] . . . [2] or [1], and, 
as shown in |52|, [53], form a basis for the most symmetric representation [n, 0,0] of u q (3), 



corrresponding to the u q (3) D so q (3) chain. 

3 so q (3) vector operators and the Hamiltonian of the 3-dimensional g-defor- 
med harmonic oscillator 

Here we shall recall some well known definitions about the g-deformed tensor operators 
within the framework of the algebra so q (3). An irreducible tensor operator of rank j with 

parameter q according to the algebra so q (3) is a set of 2j + 1 operators 7^ , satisfying 
the relations 



\T T(?)l _ ™ t(9) 
L °> jm J 1 jm 

[L±, r^} qm q Lo = ^[ 3 Tm][j±m + l]T^ ±1 (13) 

where, in order to express the adjoint action of the generators L ,L± of so q (3) on the 
components of the tensor operator Tj%, we use the usual notation of the g-commutator 

[A, B) qa = AB- q a BA. (14) 

By Tfrl we denote the conjugate irreducible g-tensor operator 

= (-ly^q-m^ } (15) 
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which satisfies the relations 



Pjm ) A)] — m Tjm 



q Lo [T^, L ± } qm = ^[j±m)[j T m + l] . (16) 

Then the operator 

Vfi = (7#?)t = {-ir m q- m {T^J (17) 

where > denotes hermitian conjugation, transforms in the same way (|13|) as the tensor 
-(<?) 

jm 5 



Tj£, i-e. V\ m also is an irreducible so q (3) tensor operator of rank j. 



Let Afo} ll and jS&„ 2 be two irreducible tensor operators. We shall define the tensor and 
scalar product of these tensor operators following some of the prescriptions, summarized, 
for example, in |J7|. One can introduce the following operator 



y n(Q2) ( 93 ) _ qzriirn Aqi) „{q2) 



J m\,m2 

where 93 Cj^ ni j 2Tn2 are the Clebsch-Gordan coefficients corresponding to the deformation 
parameter q 3 . In general the deformation parameters q\,q2 and q% can be arbitrary. It 
turns out, however, if one imposes the condition that the left hand side of ( fL8|) transforms 
as an irreducible g-tensor of rank j in a way, that the Wigner-Eckhart theorem can be 
applied to ( |IBD as a whole, not all of the combinations of q\, q<i and q 3 are allowed. 

If the tensors A.^ and Bj 2 depend on one and same variable and act on a single 
vector, which depend on the same variable, the mentioned requirement will be satisfied 
only if qi = q 2 = q and q 3 = 1/q, i.e. the operator 



A [q) x B (q 



(l/q) 1/rdm jdq) E (q) ( -, q \ 

mi,m 2 



transforms as an irreducible g-tensor of rank j according to the algebra so q (3) . Then, 
the definition ( |i~9f ) is in agreement with the property 



(a>A\[A%xB%]f^\\a,£) = vWTllE(-l) W ' , i 

a",£" I J1 J2 ) q 

x (a', £'\\A^ \\a", £") (a", £"\\B { £ \\a, £) (20) 

which is a g-analogue of the well known classical identity. 

In Section 4 we shall consider also the scalar product of two tensor operators depending 
on two different variables (1) and (2) and acting on different vectors, depending on these 
different variables. In this particular case the scalar product of irreducible q and q^ 1 - 
tensor operators Aj (1), B^ q \2) with the same rank, acting on different vectors (1) and 
(2), will be given by means of the following definition 



{Af{i)-Bf /q \2)f = (-iyj[2j + i] Af (i)xr'(2) 



I (?) / 1 \ ^ K?( 1 /'?)/ 



(?) 
00 



E(-<?r^(i) ^ } (2) • (21) 
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It should be noted that the angular momentum operators (|8|) satisfy the commutation 
relations @, but are not tensor operators in the sense of definition (0). One can form, 
however, the angular momentum operators 



[2] 

4 9) = ^ ] {q[2L ] + (q- q - 1 )L^L + } = 

= ^{g[2L ] + (g- g - 1 )(^ ) -[Lo][L + l])} (22) 

which are tensors of 1-st rank, i.e so q (3) vectors^ (see for example pTfl). 

One can easily check that the operators Bq, B± and Bq, B± do not form a spherical 
vector. As shown in |36|, one can define a vector operator T^ of the form 



T t = J_ B l q -2N ++ N- 



[2] 

T f x = ^{BU^-^-iq-q-^B+iBlfq-^+x+lX. (23) 
,/F9l I J 



'[2] 

The corresponding expressions for the conjug ate operators T m = (-l) m g" m (Tl m )t are 
f +1 = -^U N +- N -iB_-{q-q-')q-™+ +N +^Bi{B,f} 



rp _ -2N++N R 

i — q £> 

r_x = ^g- 2iv + +JV+ is + . (24) 



'[2] 

One can easily check, that vector operators and T satisfy the commutation relation 
[f-uTU-, = -q 2N+1 

[To, Ij] = g 2Af + g^g 2 - ff - a )4ir-i (25) 
[T+i,?!]^ = -g 2 ^ 1 + g~V - q'^f, + (g - g^T^-i} 

and 

P?o,4i] = ^-1,^1 = 

[f +1 ,T| 1 ] g2 = [f_ 1 ,Tl 1 ] ga = (26) 

[T+x.To^^-g-^fo [f , zlj = (g 2 - g- 2 )^ 

1 The situation in the "standard" theory of angular momentum is analogous. Indeed, from the 
operators Lq = £3, L± = L\ ± 1L2, which are not spherical tensors, one can construct the operators 
J± = ^-^=(Li ± iL 2 ), Jq — Lq, which are the components of a spherical tensor of 1-st rank according the 

standard so(3)-algebra. 
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Unlike operators (Q), the commutators [T m ,T n ] and [T^, T^] do not vanish, but are equal 
to 



[TUX] 



[Tl 1 ,Tl 1 } = (q-q- 1 )(T^ 2 








[T o ,f_ 1 ]? = 
[T+i, T } g 2 = 



(27) 



which is in agreement with the results obtained in |35| . 

It should be noted that the angular momentum operator (considered as a vector 
according so q (3)) can be represented in the form 



C 



(q) 

M 



N[2] 



T f x T 



(1/9) 
1M 



O 1 /qr llM Tt T 
rr>i *-'lm,ln i m-'n 



\ [2] 



:28i 



Its "square" differs from and equals to |37 ] 
(£ w ) 2 = £ {q) ■ £ {q) = 5^(-g) 



M Aq) r {q) 



[2] 



g-g 



[2] 



(ff)N2 



(29) 



This difference, however, is not essential. Let us consider, for instance, the expectation 
values of the scalar operator (p9|). It has the form 



(30) 



In this sense the replacement of q \? = C% with ■ is equivalent to the replacement 
g — ► g 2 and leads to the renormalization of some constant. For this reason we shall 
accept as the square of the physical angular momentum the quantity q L 2 = , whose 
eigenvalues are [£} [£ + 1] . 

Now let us consider the scalar operator, constructed in terms of T\ { and Tm- We have 



(q) 



[3][T f x T][ 1/q) 



J oo 



—q 1 T] rl T_ 1 - - /,,./.,-, - </-/_, / j 



We define the Hamiltonian of the three dimensional g-deformed oscillator as 



q H 3dim = huj X = huj (-q 1 T| 1 T_i + T f T - gT^Tj 



(31) 



(32) 



The motivations for such an ansatz are: 

1. The operator so defined is an so q (3) scalar, i.e. it is simultaneously measurable 
with the physical g-deformed angular momentum square q ~L 2 and the z-projection L ; 

2. Only this so q (3)-scalar has the property of being the sum of terms, each containing 
an equal number of creation and annihilation operators (i.e. conserves the number of 
bosons); 

3. In the limit q — > 1 (|32|) goes into 



\im q H 3dim = huj (aLa+i + aja + al x a_i 



7 



where [a m ,ajj = S mn , i.e. in this limit (|32|) coincides with the Hamiltonian of the 3- 
dimensional (spherically symmetric) harmonic oscillator up to an additive constant. It 
should be underlined that the Hamitonian ( |32[ ) does not commute with the square of the 
"classical" (or "standard") angular momentum L 2 . This is due to the fact that the q- 
deformed oscillator is really space deformed and the "standard" quantum number I is not 
a good quantum number for this system. On the other hand 9 L 2 commutes with q H 3dim 
and the "quantum angular momentum" I can be used for the classification of the states 
of the g-oscillator. However the projection of the standard angular momentum on the z 
axis l z coincides with the quantum projectoin £ z , i.e. it is a good quantum number. 

Equation (|32|) can be cast in a simpler and physically more transparent form. Indeed, 
making use of the third component of the g-deformed angular momentum (considered as 
sOq(3) vector) 

4 9) = -y/Wm[T*xT\™ 

= -Tl^ + iq-q-^fo + T^fo (33) 

we obtain 

Xi q) + qC {q) = - [2)4^ + <?7$f (34) 
Since 

Tj^ = ^A q -2N ++ 2N+l^ T tf o = [N(j]q -W + -N 0+ 2N-l ^ 

we get upon summation 

= -qd$ + [N + L }q N - Lo+1 (36) 
and, after some calculations, 

m 3dtm = hcooX^ = hu I [N]q N+1 - ~ 2 f ] Ci q) | (37) 

The eigenvalues of such a g-deformed Hamiltonian are 

«E 3dim = hu | [n]q n+l - 9(9 ~ 2] 9 1} [^ + 1]}, £ = n, n - 2, . . . , or 1 (38) 

In the q — > 1 limit we have lim^i q E 3d im = kuJon, which coincides with the classical result. 
We shall note that, the expression (|3~7 ) can also be represented in the form 

„n+l 

«E mm = hcuo^r {q £+1 [n -£} + + £}} (39) 

but the advantage of the form ( [38]) is that, the vibrational ([n]) and the rotational ([^][^ + 
1]) degrees of freedom are clearly separated. 

For small values of the deformation parameter r, where q = e T , we can expand (|38|) 
in powers of r obtaining 

q E 3dim = hu Q n - Tluqt (£(£ + 1) - n(n + 1)) 

-huj T 2 U{1 + 1) - i n (n + l)(2n + 1)) + 0(t 3 ) (40) 
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To leading order in r the expression (|4l3|) closely resembles the one giving the energy 
eigenvalue of the MHOQ (|l|) (if one neglects the spin-orbit term). Quantitatively, one 
obtains a good fit of the energy spectrum produced by the MHO potential ([I]) if we 
choose for Hujq and r of the g-HO the values hu>o = 0.94109 and r = 0.021948 (we have 
assumed Tuo — 1 for MHO and neglected the spin-orbit term). The value of r is close to 
those adopted for /jf = kfi. Indeed the MHO fit in the "^Pb region yields || Q y! = 
for N = 2, fi' = 0.0263 for N = 3, // = 0.024 for N > 4 and for k, fixed by the condition 
that the observed order of sub-shells be reproduced, k = 0.08 for N = 2, k = 0.075 for 
N = 3 and k = 0.07 for N > 4. 

It appears surprising at first that Huq differs slightly from 1. Indeed the correction term 
n(n+l) in the g-HO spectrum is slightly different from the corresponding piece n(n + 3)/2 
in the MHO. Some compression of the g-HO spectrum is therefore unavoidable. From a 
physical point of view, one may say that the mean radius of the deformed oscillator is 
slightly larger than the radius of the classical isotropic HO. 

MHO and g-deformed 3-dim HO spectra are compared in figure 1. It should be noted 
that the constant y! in the modified harmonic oscillator potential takes different values 
for shells with different values of N. In the g-deformed model the parameters r and %ujq 
have the same values for all the shells. The comparison shows that the g-deformation of 
the 3-dimensional harmonic oscillator effectively reproduces the non-locality and the "de- 
formations" induced in the MHO-model through the terms L 2 , (L 2 )jy and the variability 
of y! with the shell number N. 



4 g-deformed 3-dimensional harmonic oscillator with g-deformed spin-orbit 
term 

For a full comparison with the MHO and a more realistic description of the single-particle 
spectrum, we need to include a g-deformed spin-orbital term -S^ 1 ^^ in the g-deformed 
harmonic oscillator Hamiltonian q H^dim- To this purpose we shall introduce the spin 
operators S + ,S ,S^, which are elements of another (independent) su q {2) algebra. These 
operators satisfy the commutation relation (|9]), i.e. 

[S ,S ± ]=±S ± [S + ,S_] = [2S ] (41) 

and act in the two-dimensional representation space of this algebra. The orthonormalized 
basis vectors of this space will be denoted as always by ||m s } ? . 
We now define the g-deformed total angular momentum as 



Jo = L + S (42) 
J± = L±q So + S±q- Lo (43) 



where the g-deformed orbital angular momentum is given by (H). The operators 
satisfy the same commutation relations as the operators of the g-deformed orbital angular 



2 Indeed, these eigenvalues are 
E n i = Tiujn — fnu/j' ^1(1 + 1) — -n(n + 3)^ 
where // is allowed to vary form shell to shell. 
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momentum (|D and spin (f4T|), and the corresponding expression for the Casimir operator 
of the algebra (f42[ - f43D can be written in the form 



Cg = J-J + + [M[Jo + l] 



(44) 



As in the case of the g-deformed orbital momentum we shall consider q J 2 = as the 
total angular momentum "square" . 



The common eig envectors of C^j, C { 2 q) L and C {q) s can be written in the usual form 



\n(f>\)jm) q = V q C ]m 1 \n£me) q \±m s ) q 
where q Cg™ ' mg are the g-deformed Clebsch-Gordan coefficients. 



(45) 



We define the spin-orbital term as a scalar product, according to the definition (|2T|) 



£ (9). 5(1/9) = J2 {-q) M £$S?$ 



M=0,±1 



T7TT \ <^9 7 — ^9 r. *->9 <7 



(M) 



(q - q 



-1\2 



[2] 



y 2,J 



2X 



'2.S 



[2] 



" L/ 2,L L/ 2,S 



(46) 



where 5^ 1//g ^ is a vector operator according to the algebra ( f41~D and it is constructed from 
the g-deformed spin operators taking into account the rule (f22), but for deformation 
parameter 1/q. The Hamiltonian, which we suggest for the g-deformed 3-dim harmonic 
oscillator with spin-orbit interaction is 



( q(q-q~ x 



(47) 



hu { [N]q 



N+l 



[2] 



-C 



(9) 

2,L 



k a 



(9) 
2, j 



c 



(9) 

2,L 



C 



i'/J (g-g 1 )V (9) r (9)^ 



[2] 



In Q47I) the factors have been chosen in accordance with the usual convention in classical 
(spherically symmetric) shell model with spin-orbit coupling. The eigenvectors of this 
Hamiltonian are given by (|45|) and the corresponding eigenvalues are 



q E n £j = huj { [n]q 



n+l 



q(q-q K 

[2] 



+ 1] 



-K(m+i}-im+i]-im-- 9 " 



-1\2 



(48) 



In order to compare the expression for g-deformed L — S interaction with the classical 
results we give the expansion of the expectation value ([46]) in series of r, (g = e T , r G R) 



{n{t\)jm\C {q) ■ S {1,q) \n{i\)]m). 



9VV2 

r 1 



(49) 



T 



^l + -(4£ 2 -7) + ...J 
^(£+1) (l + j(A£ 2 + 8£-3) + ... 



if j =£+1/2 
if j = £-1/2 



It can be easilly seen that expression (^) introduces some corrections to the classical 
expressions for the spin-orbit interaction, which are proportional to r 2 . These corrections 
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are small for the light nuclei, where the values of t are small, but they are not negligable 
for the heaver nuclei, where the shells with bigger values of i are important. 

On the left side of figure 2 are shown the levels of MHO with spin-orbit term, considered 
again in the "^Pb region |4| and the constants in the expression (|I|) // = kfi and k are 
the same as in figure 1. On the right side of the same figure are shown the levels of the 
g-deformed 3-dimensional harmonic oscillator with g-deformed spin-orbit interaction. It 
should be noted that the levels of the g-deformed oscillator are calculated with the same 
values of the deformation parameter q for the oscillator term and the g-deformed L — S 
term, and, as well as, with the same constant k of the spin-orbit interactiion for all shells. 

5 Conclusions 

The results of this paper demonstrate, that g-deformed algebras provide a natural back- 
ground for the description of "deformable" physical systems. 

In particular, we have shown, that in the enveloping algebra of so q (3) there exists 
an so q (3) scalar operator, built of irreducible vector operators according to the reduc- 
tion u q (3) D so q (3), for the case of the most symmetric representations of u q (3). In the 
limit q —>■ 1 this operator coincides with the Hamiltonian of the 3-dimensional harmonic 
oscillator, while, in the case of small deformations of the algebra, its spectrum repro- 
duces the spectrum of the 3-dimensional modified harmonic oscillator (with, or without a 
spin-orbit interaction), making transperent the connection of our model with shell model 
calculations. 

It should be emphasized, that in our case the parameters of the g-deformed model are 
the same for all shells, while in the modified harmonic oscillator the parameters vary from 
shell to shell. 

The quantitative comparison of both models shows, that the g-deformation of the 3- 
dimensional harmonic oscillator effectively reproduces the "non-locality" and "deforma- 
tions" , introduced in the model of the modified harmonic oscillator by means of additional 
correction terms. 

The application of the g-deformed 3-dimensional harmonic oscillator model to real 
nuclei will be considered in another paper, which is now in progress. 
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